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g.2013.06Abstract Kerr metric is used to study the limb-effect phenomenon for axially rotating massive
stars. The limb-effect phenomenon is concerned by the variation of the red-shift from the center
to the limb of star. This phenomenon has been studied before for the sun. The solar gravitational
ﬁeld is assumed to be given by Schwarzschild and Lense-Thirring ﬁelds. In this trial, a study of the
limb-effect for a massive axially symmetric rotating star is done. The line of site of inclination and
the motion of the observer are taken into consideration to interpret a formula for this phenomenon
using a general relativistic red-shift formula. A comparison between the obtained formula and pre-
vious formulae is given.
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and Geophysics.1. Introduction
One of the important observed phenomena is the solar limb-
effect. This phenomenon indicates the variation in the gravita-
tional red-shift value from a point to another along the Solar
disk. Many authors tried to explain this phenomenon in the
empirical frame work (cf. Adam, 1976, 1979; Peter, 1999).
On the other hand, the theoretical studies using orthodoxcom.
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g by Elsevier
ing by Elsevier B.V. on behalf of N
.004general relativity (GR) gave a constant value for gravitational
red-shift which contradicts observations that show that this va-
lue increases as we move from the center to the limb of the
Sun’s disk. Many authors have attempted to ﬁnd a satisfactory
interpretation for this effect theoretically in the frame work of
GR (cf. Mikhail et al., 2002; Wanas et al., 2008). In Mikhail
et al. (2002), an attempt was made to ﬁnd a more general for-
mula for the gravitational red-shift in the context of GR. In
that study, the gravitational ﬁeld of the Sun is given by the
Schwarzschild exterior solution, the observer, on the Earth’s
surface, moves in a circular orbit about the Sun. In Wanas
et al. (2008), two changes have been considered. The ﬁrst, is
the Sun’s gravitational ﬁeld given by Lense-Thirring solution
of GR ﬁeld equations, in free space and the second is the ob-
server trajectory which is an elliptic trajectory.
In the present work we are going to use the same general
formula for the gravitational red-shift used in the aboveational Research Institute of Astronomy and Geophysics.
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symmetric spinning object.
2. A general formula for the variation in the red-shift
Kermack et al. (1933), have constructed and proved two
important theorems on null geodesics. A general expression
for the red-shift, has been derived by Mikhail et al. (2002),
using these theorems. Mikhail et al. (2002), assumed that, at
the two points C1 and C2 on the equator of radiating celestial
object, there are two identical atoms, having the wavelengths
k1 and k2, respectively. The two points C1 and C2 lie on the
same world line of the celestial object in space, as shown in
Fig. 1. The wavelengths k1 and k2 are observed by an observer
on the Earth’s surface at point C0, on the world line of the ob-
server as k1
0
and k2
0
, respectively. Due to KMW theorems these
two wave lengths are given by:
k1
0
¼
½qlglC1
½-lglC0
k1 ð1Þ
and
k2
0
¼
½qlflC2
½-lflC0
k2 ð2Þ
where ql and -l are the unit vectors tangent to the world lines
of the celestial object and observer, respectively. gl and fl are
the transport null-vectors along the radial null trajectory K1
and the oblique null trajectory K2, respectively.
The radial null trajectory K1 passes through the points C1
and C0 while the oblique K2 passes through the points C2
and C0.
The sufﬁxes C0, C1 and C2 indicate that the expressions be-
tween the brackets are evaluated at C0, C1 and C2, respectively.
Mikhail et al. (2002), have used (1) and (2) to construct a
general formula for the variation in red-shift. They have as-
sumed that the wavelengths at C1 and C2 are equal; their gen-
eral formula takes the following form
DZ ¼ ½qlf
lC2
½-lflC0 
½qlglC1
½-lglC0 ð3Þ
Mikhail et al. (2002) and Wanas et al. (2008) have used this
general formula to study the Solar limb-effect.Fig. 1 After Wanas et al. (2008).Here we are going to use this general formula, in other
astrophysical applications, in order to describe a general for-
mula for the red-shift in case of the relativistic massive, axially
symmetric rapidly spinning star.
3. Evaluation of the vectors and null vectors
We are going to assume that the exterior ﬁeld of the massive
star is represented by Kerr solution of the ﬁeld equations of
general relativity (GR). This solution represents the ﬁeld
exterior to a rapidly rotating axially symmetric body and
possesses interesting features in the region of very strong
ﬁelds.
As it is well known, the metric of Kerr solution (cf. Boyer
and Lindquist, 1967) has the form
dS2 ¼ 1 2m r
r2 þ a2 cos2 h
 
c2dt2 þ ðr
2 þ a2 cos2 hÞ
r2  2m rþ a2 dr
2
 ðr2 þ a2 cos2 hÞdh2
 sin2 h r2 þ a2 þ 2m r a
2 sin2 h
r2 þ a2cos2h
 
du2
 4m a r sin
2 h
r2 þ a2 cos2 h c dudt ð4Þ
In this case there is no matter or non-gravitational ﬁelds are
present in the regions outside the star. In order to calculate
the red-shift of the pulses coming out from a massive axially
symmetric rotating star by using the general formula (3), we
assume that:
1. The signals from the star are traveling along a null
geodesic, where gl is the transport null vector along
the radial null geodesic (see Fig. 1), fl is a transport
null vector along the oblique null geodesic.
2. The star is spinning around its axis of symmetry, such
that the atom on its equator moves in a circular orbit
with radius (a) the radius of the star at an orbital
velocity v2.
3. The observer on the Earth is rotating at a velocity v1
with respect to Earth’s center.
4. We are going to evaluate the null vectors gl
1
; gl
2
; fl
1
and fl
2
at the star assuming that the gravitational ﬁeld
is axially symmetric, produced by the star, given by
Kerr solution (4); while to evaluate the unit vector
-l
0
and the null vectors, gl
0
and fl
0
at the Earth, we
assume that the ﬁeld of the Earth is spherically sym-
metric (Schwarzschild ﬁeld).
In this case the values of these vectors and null vectors are:
ql ¼ A
cðaÞ ; 0; 0 
v1A
cðaÞ
 
ð5Þ
-l ¼ B
cðbÞ ; 0; 0 
v2B
cðbÞ
 
ð6Þ
gl
1
¼ C
cðaÞ ;
ﬃﬃﬃﬃﬃ
C2
p
; 0; 0
 
ð7Þ
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0
¼ C
cðbÞ ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C2; 0; 0
p 
ð8Þ
fl
2
¼ D
cðaÞ ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2  cðaÞl
2
a2
s
; 0;
l
a2
2
4
3
5 ð9Þ
fl
0
¼ D
cðbÞ ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2  cðbÞl
2
b2
s
; 0;
l
b2
2
4
3
5 ð10Þ
Substituting the values (5)–(10) in the general formula (4) one
has:z ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2a2 þ 4v21a2  12v21maþ 8v21m2ÞaðamÞ
q
ðb2  2mbþ a2Þðb3 þ v22b3  4v22mb2 þ v22ba2 þ 4v22m2b 2v22ma2Þ

 cðbÞl 2b5v1cðaÞa2  6b5v1cðaÞmaþ 4b5v1cðaÞm2  a4v2cðbÞb3 þ 4a4v2cðbÞb2m a6v2cðbÞb 4a4v2cðbÞm2bþ 2a6v2cðbÞm
 	
,
a3ðamÞða2 þ 2v21a2  6v21maþ 4v21m2ÞcðaÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb3 þ v22b3  4v22mb2 þ v22ba2 þ 4v22m2b 2v22ma2Þbðb2  2mbþ a2Þ
q
 b5ðDÞ  v2lcðbÞb3 þ 4v2lcðbÞb2m v2lcðbÞba2  4v2lcðbÞm2bþ 2v2lcðbÞma2
 
b2
	 ð11Þwhere c(a) = 1  (2m/a), c(b) = 1  (2m/b). D and l are con-
stants of integrations and a as mentioned before the radius
of the star while b is the distance from star to Earth.
4. Discussion and concluding remarks
1. MKW theorems take into account many factors affecting
the red-shift in addition to the gravitational effect.
2. These theorems are usually used in cosmological applica-
tions. However it has been used in astrophysics in an
attempt to interpret Solar and stellar limb-effect.
3. It is clear from Eq. (11), that the variation in the red-shift
has different parameters, one of them is related to the
change in the inclination of line of sight. It also depends
on some constant of integration.
4. The relation (11) is more general for ﬁnding the variation in
red-shift for any celestial objects.
5. Eq. (11) for the red-shift variation seems very complicated
but if one put a= 0, the formula reduces to the same case
studied before by Mikhail et al. (2002).6. In a future work, we are going to adapt this relation to be
suitable to study the shift in the signals of x-ray which may
through a light on twisting of light around rotating black
holes [cf. Fabrizio et al., 2011].References
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